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ABSTRACT

An cconomic stockage model is formuiated which determines a
stockage policy to be used in generating a stockage list of items
which satisfy selected supply support objectives at least cost., The
policy is in the form of addition-retention levels which minimize
the discounted cost over a large number of periods. An item is added
to the stockage list if its demand frequency. in a period is at least
equal to the addition level; it is removed if the demand frequency
is less than the rctention level. No action is taken for demand
frequency lying between the two levels. The model assumes that the
mean demand frequency of an item is unknown but designated as a prior
distribution, |

Potential items for a stockage list are stratified into an 11 x 11
array of demand classes and extended price classes based on past
history. The model finds an addition-retention pair for each extended
price class., Aggregate statistics of the stratified items are used to
project demand acconmodation and stockage list size when using the
stockage policy comprised of these 11 pairs. Input cost parameters
may be varied to find policies which satisfy the supply support
objectives.

The economic stockage modél is used to find which items qualify
ior removal for ecconomic reasons from a Korcan stockage list genecrated

by a demand criteria model.
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SUMMARY
1, Background
When building a list of items to be stocked by a supplier, some

kind of rationale must be used to determine for each particular item
whether to stock it or not. The rationale must depend upon one or

more item characteristics = such as number of requisitions and total
demand expected for the item over a period of time, unit price of

the item, weight, cube, and essentiality. Various stockage criteria
models can be developed by making different assessments of the rela-

tive importance of item characteristics, their predictability (in the
case of future demand) and about the cost factors and constraints

involved in creating a stockage list,

Currently, the Army uses a stockage criterion model which depends

on expected number of demands for the item and its materiel category
(MATCAT)*. For each MATCAT there is a different addition-retention (a-r)
criterion. These criteria are pairs of numbers, e.g. 9-3, which act as

limits; if number of demands expected in a given base period for the item
equals or exceeds the addition limit (e.g.9), the item is aﬁded to the stock-
~age list. If number of demands is less than the retention limit (e.g. 3)
the item is deleted from the stockage list. If number of demands is
between the addition and retention criteria, item is in a '"grey area'.
Normally, nothing is done to such items -~ if they are already on the

stockage list they stay on, and Qice versa. If a list is being

*Refincment of the model to its current state was done by Research
Analysis Corporation [ 77.
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developed from scratch, some fraction of the grey area items are
included.

1t vas recognised by the Dept of the Army (I&L) and Army Materie!
Command that the demand based stockage criterion model fust described
does not explicitly take into account the economics of stocking an
item. AMC Inventory Research Office, Institute for lLogistics Research,
Army Logistics Management Center, was asked to assist in the develop-
ment of an “economic" stockage model and to examine its usefulness.
2. Scope and Methodology

The immediate precursor of the mondel described here was a model
developed by Lowell Goodhue of Logistics Menagement Institute [4 ].

A form of economic stockage model is actually in use by the British
Army [ 2],

The model is an algebraic representation of the costs of stocking
or not stocking an item as a function of the item unit price, ex-
pected number of demands and expected demand quantity. The solution
procedure to determinc "optimum' ¢conomic stockage criteria uses
results from the theory of Markov processes, the theory of
dynamic programming and the economic analysis concept of present value.

Experience with the model was gained primarily by development
of a test stockage list for a Korean Theater Inventory Corntrol

Center.,

3. Findings and Conclusions

An economic stockage model was developed which was very

successful in satisfying the desired objectives. In particular,

v



the model developed stockaye liste which by projection would

satisfy performance tarjets at much less cost than was possible with
lists developed using a demand frequency criterion model. The projec-
tion techniques used an accepted methodology developed by Research
Analysis Corporacion,

Nevertheless, scerious limitations on the usefulness of the
econmmic stockaye model are found. The problem stems from the
fact that the performance targets were only surrogate measures of
performance; i.0., the true measure of performance is the impac.
stockaxe list has on operational readiness and troop morale, but since
this cannot currently he quantified, the performance target is ex-
presesed in terms of stockapge list accommodation., Accommodation is
the percent of all demands on & supplier which are for items on his
stockage list.

Examination of the economic stockage list indicated that it
omitted many items which appear vital to military preparedness. Of
course, this is a thorccoming of the demand criterion
model aluo = duc to the lack of a decent easentiality measure.

A shiort term use of the economic stockage model would be to identify
ftems vhich are not cconomical for stockage, but which would be included
strictly by demand criteria Lf economics wvere not explicitly considered. These
iltems are of small enough number, although great impact, to be susceptible
to manual reviev techniques. Development of such techniques is in

prosress, and 4 preliminary cffort is described in Appendix C.
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CHAPTER |
T KCONOMIC S'TOCKAGE MODIL

1.1 JIntroduction

The objective of the cconomic stockape model is Lo develop a
stockage list which will satisfy pre-specified supply support objec-
tives at lcast cost. The supply support objective is typically stated
in terms of desired accommodation; i.e., the percent of all demands* on
a stockage location which are for items on its stockage list.

The approach of the economic stockage model is to projeci the
costs if an item is stocked and if it is not stocked and make the
stockage decision based on which set of costs is smaller, Costs fall
into three areas: opcrating and inventory costs, backorder costs, and
turbulence costs if the status of the item changes - an item not on
the list is put on, or one already on is taken off. Backorder costs
are not really known, but instead are varied until that cost is found
which results in a list providing the desired degree of supply support;
e.g., raising the backorder cost results in the model placing more items
on the stockage list, consequently improving demand accommodations and
vice versa.

In applying the economic stockage model, it was found that the a-r
criteria appropriate to an item were determined by the item's extended
price (i.e., unit price x annual demand quantity). In general, as
extended price increases, cost of keeping an item on the stockage
list incrcases and, therefore, the number of demands necessary to

justify adding or rctaining it on the list increases. Therefore,

*In this report, demand, demand frequency, and number of requisition are
equivalent entities. Demand quantity is exactly what it says.

1
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extended price intervals were defined - $0.~$3,, $3=5§10., $10-$30.,
and so on - and different a-r criteria developed for items falling
into each interval. Eleven intervals in all are defined.

1.2 Description of Cost Elements

Costs if item is not stocked. A backorder cost is charged for

each demand reccived for the item. The cost has two components.

One is the administrative costs involved in arranging for satisfac-
tion of the demand. The second is the cost due to unavailability of
material while the demand is on backorder. This second component is
termed penalty cost.

Costs if item is stocked, Costs include inventory costs,

fixed stockage costs, requisitioning costs and backorder costs.
Inventory costs, consistent with Dept of Defense practices, are
calculated as a percent of the dollar investment in materiel. This
percent represents opportunity cost for money tied up, storage costs,
cost due to loss and obsolescence of materiel, and cost due to
deterioration of materiel in storage. Inventory cost is applied
only against average on hand stocks - in transit inventory is needed
repardless of whether or not the item is stocked.
The fixed stockape cost is a cost incurred merely because an
item is stocked. 1t is a management cost attributable to the cost of
supply control studies, catalog upkecp, storage bin management, and

80 On.

——



(de i bita bl ddadd: Liieohd. chit it

Requisitioning costs cover tne aciminiscravive costs of ovdering
replenishment quantities, of receiviag the wmateriel, and also the
ordered, e.g., the CONUS NICP.

Backorder cost ia this casc relaies to dcmands which are back=
ordered because of unavailabilicy of stock (zero balunce) for items
on the stockage ligt. Penaliy costs are the same as for non=stocked
items but administrative costs can be smaller; the scocker muy neec culy
hold the demand unt:ii hig vepleaishmen: order arrives.

Turbulence (osts., Tf an item ig coming on or going off. the

stockage list, a turbulence cost is incurred. An addition cost covers
the cost of setting up a storage bin location and initial paperwork.
If the item is beinp removed, a fixed removal cost covers the reverse
of the above process.' A variable removal cost varies with the size
of the inventory which must be removed or attritted when a removal

decision is made.

1.2.1 Mathematical Expressions for Cost Elements
In terms of cost parameters, we have the following 4 types of
costs per period:

Cost of restocking = r

1" F + CH + Coi'u A (CB+st) (1.2.1)

Cost of stocking = r, =T + C, = stockage &

11 e addition cost (l.2.2)
Cost of not stocking = T,y " A (CB+an) (1.2.3)
Cost of removal & non-stockage = Ty = Tp1 + CR (1.2.4)



where

where

= fixed cost ui stocking an ttem -

= holding cost

Q = ccononle order quuantity
4 = holding cost factur of average assets in percent
CA = cost of adding item to list
CB = penalty cost po- requisition
an = e¢xtra procussing cost per requigition for items not

s tocked
C = extra processing cost per requisition for items stocked

X8

but not available
C0 = cost of replenishuent ordering per year
Q = reorder quantity
S = safety level quantity
CR = removal cost
VRC = variable removal cost ractor in percent
FRC = fixed removal cost
A = estimate of mean uumber of requisitions per period (1 year)
L = cost to order
u = unavailability factor in percent
D = annual demand quantity
UP = unit price 1
Co = L (D/Q) (1.2.5)
CH . (Q/2 + S) X UPxH (102.5‘)



Q=7./0r ~q WF g o b/d (1.2.0)
« max (D/3,q/3) 1f g .- /3
Cp = (S + Q/2) x VRC + FRC (1.2.7)

Equations 1.2.5a and 1.2.5 followed icom Lagic inventory theory.
(D/Q) is the replenishment ficquency. (Q/Z + 5, is the appropriate
average on hand inventory.

Equation 1,2.6 is ihe result of a study [5] on cost - winimizing
quantity to order, commonly expressed as economic order quanticy Q.

The unavailability factor reprcscnis an acceptable percent of

requisitions which can be backordercd.

1.2.2 Character o. Cost Elemeants
The above cost parameters uscd in the economic stockage model can
be classlfiecd by 3 types. The firsi type are approximations to actual
cost factors (sece bibliograpny for celevant studies used.) [3,4,5].
H = 407

an = $10

Xﬁnsa

L = $10

VRC = 207, (this 1is cost estimate i{f item had to be transported

back to CONUS from overseas)
u = 207%
The second type consists of parameter values chosen vhich yield
reasonable results (model outputs) and are themselves not unreasonable.
F = $100 close to an upper bound on the real world value;
turbulence and accommodation results are in an acceptable
range.

FRC = $35. usually constant at these values but at times

C, = $25 \ may be considered control variables (3rd type)
5



The taircd type ol wodel apae weee control variablus of cost,
These costs were varicd and the iwpucc on model outputs sucih as
accommodacion, turbulence, and stockage list size observed, until
satisfacvory ,.rformance was ach.cved.

c, basic control variubic = u penalty cost ranging
fro. $6-5150 per requisition

1.3 Choice of Optimu Addition - Retencion Criteria

1.3.1 A simplce Approach

Let us detail the procedure for determining a-r criteria if
only l-period costs are consldered, i.e. the costs for the next year
only. To find the level a such that 1f A 2 a it "pays" to stock,
ve find the "break even" poinf between stocking cost 27 and not
stocking cost Ty i.¢c. we £find the A=ua which makes 12 and sy
equal,

From (1.2.2) and (1.2.3)

Co+F + Cy+ uee(Cy #C ) #C, = a-(CHC ) (1.3.1)

H A

PrC i, +C

a -(cn*cxn) i (c'*cx.) (1.302)

13

Simtlarly, X find the level r such that 1{f A < r 1t pays to
remove the previously stocked item, we could equate restocking costs,
L2TC to the sum of deletion and non-stockage costs, '22' From (1.2.1)
and (1.2.4)

Q+F+C +u-r (c‘-oc”) - r(c'+cu) + c‘ (1.3.3)

F+ cH - CR + Co
j .(cn*cxn) = u (G¥C,,)
6

(1.3.4)

S et i ute i) 42



(1.3.2) and (1.3.4) are the optinal viiucs for the (u=:i) policy, 1 e

expected mean A :: a the item 18 stocwed, Lo che ftem Le on the ist on the

preceding period, it is restocked uncil A < r in the curcent period.
Inspection of 1.3.2 and 1.3.4 shows that the only elements
which depend on it chavacteriustics are Cu’ Ch LN CO' tlowever, it is
possible to prove that CR’ (.‘.‘_1 aad CO are a function of only one item
characteristic - extended price (D x UP) Once extended price is
known, the appropriate a=-r criteria can be developed and then the
stockage decision made. This leads to the use of the extended price
interval concept as described in section 1.1,
1.3.2 A Sophisticated Approach
There are two major deficiencies in the model of section 1.3.1.
(a) It considers only one period costs, yet actions taken
now affect futurc years' costs. For example, suppose an item is on

a8 stockage list and that:

(1) cost of rcstocking(ril) exceeds cost of not scocking(rzl)

(2) cost of restocking (rll) is less than cost of removal and

not stocking (rzz)

The simple model uses the second comparison and keeps the {item
on the list; yet if it were removed, this would reduce future costs
since rzl is less than T’

(b) The model is deterministic. In actual fact the true
mean number of requisitions can be quite different from the estimate,

vhich i{s typically based on 1l year's history.

7
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It turns out that factor (b) dominates factor (&) ; that is, if the
model of section 1.3.1 18 used, turbulence = in the sense of tha same item
moving on and off the i1ist more than once = is uneconomically high,
because decisions are made without allowing for the possibility that
the true demand is other than the catimace.

A more sophisticated approach to economic stockage considers
costs over a planning horizon and derives these costs probabilistically.
Such an approach is described in Chapter 2. The dependence of the
appropriate a-r criteria on the extended price of the item remains,
and the use of extended price intervals is retained. The simple rela~

tions for a & r in (1.3.2) and (1.3.4), which minimize one peri&d costs
for a known mean A, no longer hold. The relation of the a-r criterion
to the infinite horizon costs is complex. The power of the forthcoming

model is that it presents & rational approach for finding the cost~

minimizing a=r policy.



CHAP O

DESCRIPTION OF ATSOKTTHM

2.1 Attributes of Modcl

2.1.,1 Concuepr and Scope

A model was desirted wiiioi would generate the addition-rerention
criteria for an item in & given cacenced price cluss which minimizes
the expected cost over an infinite cime horizon, Since an item's mean
demand frequency is uncertain, t{he model should be able to accept a
prior distribution of means of demand frequency.
A Markovian decision modei wau formulated with the following
attributes:
a. One period cosi parameters, extended price, discount
factor, prior distribution of meau number of requisitions are inputs
for each extended price category.
b. Outputs are a-r levels for each extended price category
and the expected cost resulting from following the recommended a-r
stockage policy.
¢. A grid search over the most feasible set of a-r levels
is used to find the recommended policy.
d, An {terative design procedure can be formulated to
find those input cost parameters which yield final stockage size, (#FSN's),
accommodations, and turbulence values which are satisfactory.
e. The model is flexible in that it can accept most demand
. distributions of concern; it can be refined to generate a more sophis-

ticated stockage policy with further minimization of cost; it can be

eimplified to yield a single a=r pair for a given MATCAT.
9



2.1.2 Discounted Cost Concept

In measuring costs in the minimization process, future costs are
discounted (i.e. deflated). The basic concept is a common one in
economic analysis, and is described, for example, in DOD Instruction
7041.3 (Feb 69). 1If the discount factor is i and costs in year t

are designated Vc, then total discounted c¢ost, Vo. is defined as

\'
) t
VoL TR

DOD iInstruction 7041.3 recommends an i of 10% based on opportunity
costs, which relates to the advantages of postponing costs. In the
current context, the possibility of obsolescence also must be considered -
all future costs are conditional on the item not becoming obsolete and
demand for it ceasing. Allowing for obsolescence,

v

vV, = I &;i—)'t[(l-O)t]
t

where o is an obsolescence rate and (1-o)t is the probability the item

is not obsolete by year t. To simplify, we approximate
t
Vo= ZV ()
t
where o = T+ito
A typical value used for o is 5%; a in the examples of Chapter 3
is set to 857%.

2.2 Model Formulation

In a given period an item can be in one of two states - either on

10



or oft the utochas e sihee Abud oo i Wil e o0 e e ONB per.od
cost Of stocking or nu. stocking Civ ikl Gov woee 0Ly Lo shos Luat
the transition Irom siute £O Liale {rus vie Perioe Lo Che GEAL .»
Markovian and we have the Lu:i.s o u M.ckoviaa declegiorn .odel,

We assume the nuuber of requisizions ;o Pole .on w.otriouted wils
unknown mean, The state transvition: c¢ve then Mdaracvic.. 7For o iven
mean demand frequency 2 we i can construet che probubiiily transi-
tion matrix from period n to period nel

ton 0l

on P e l-Pt

Li el (2.2.1)

off | P, 1-p, Lpn ?22_1

n
~.
>

u

The probability the item is on the list and stays on {n the next period

is the probability that the number of requisicions cuceived is at least

equal to the retention level r, i.c.

o,

P(x r;\) = ;-r Pou(x;)‘) - Pr (2.2.2)

Similarly the item is added to the list in period n+l with probability

P
[}

P(x = a3)) v :_. Py (Xid) = P, (2.2.3)

To obtain expressions for expected costs we make two agsumptions.
One assumption is that the demand frequency distribution is stationary
over the planning horizon. More specifically An s X\ for all n. Also
it is assumed an item does not migrate from its original extended price
category.

11



Anvoclated with ho probadllity crannition macrix 18 the one

period risn Or cusl waicix

i on off

‘R ' r, r
| i 121 5 & (2.2.4)
i

olt {19 fa

TR period cosl of restocking the item

g ° COst of removing item and noc stocking for che period

Fq) * cost of adding item and stocking for the period

f,a ® One period cost of continuing not to stock the item

a

EKxpress{iom for r, werc yiven in section 1.2.1,

i
Civen zacrices,A,R, mean demand fccquency A, a discount factor a,

the expected dircounted cost over uhe plunalng horizon V()) can be

computed for a given a-r policy. nis Is we.ghted by a prior distribu-

tion of the mean demand frequency £ (A)

Ve ZV(A)x(A) (2.2.5)
A

Section 2.) derives the appropriate expressions for V(A) and
formulates the algorithm for minimising V. Section 2.4 develops the
feasible set of g-r policies over which to search to f£ind the optimal
policy. 1n section 2.5 the rationale for theoretical and empirical
development of zg(A), vhich expresses our uncertainty in the value of

mean )\, is explained.

12
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2.3 [Expected Discounted Costsg

2.3.1 Recurrcnce Relation

Let {q'}denote the set of feasible a-r levels to be considered
in minimizing the expected discounted cost, Each q is a pair of numbers

(a,r). Defining

Vi n(A) = total expected cost from an n-stage process
?

starting in state i, using a fixed policy and
given a particular value A for mean of demand

frequency.

The minimum cost V*(A) satisfies the recurrence relation,
2 -
min [ *
§=1 Pij(q,x)rij(h) + o Pij(q,k)vj,n_l(x)

L , A
i=1,2 (2.3.1)

*
vV, M) =

T {ag

where

i or j =1 refers to state 1 : item is on list

1 or j = 2 refers to state 2 : item is off list

a = discount factor

Equation (2.3.1) follows from Bellman's Principle of
Optimality, where the first term is the expected one=-period cost with a
transition from state i. Note that (2.3.1) is actually two equations and

* *
two pairs of numbers q, and q, should be found to minimize V, and V,.

1 2
*
q; is the a=r policy to be used {f initially the item is on the list;

*
9, is used if initially the item 1is off the list.
* _ min *
V) =" [blk,A) +a AV ()] (2.3.2)
where k = iql,qz} = get of all feasible 2 pairs of a-r levels

13



2
and b, (k1) = F) Py (@A) £y, 00 (2.3.3)

2.3.2 Minimization Algorithm
We wish to find the optimal policy k which satisfies (2.3.2)

for large n. Since o < 1 and the norm “A" of matrix A <1, it is
known that Vn~Vn_1 -> V, a steady-state value as n =—=>», With this
knowledge Howard's Policy Iteration technique [1,6] could have bheen
used to solve (2.3.2) for the optimal "doublet" policy {ql,qés

Since we can assume all items are off the list initially, we
are concerned with minimizing V2 = ; Vz(k)q(k). From (2.3.2) we
write the steady=-state non-minimal cost relationship

V(A,k) = b(A,k) + o AQA,k)V(A,k) (2.3.4)
The following intuitively appealing algorithm is used to find k*.

a. Let k = (q,q9), i.e. we dispense with the ''doublet" policy

since we are only interested in minimizing V

2
b. Solve V(A,q) = b(A,q) + o A(A,q)V(A,q) for all potentially

optimal policies q
c. Weight each V(A,q) by g(A)
d. Choose the policy q* which minimizes £ Vz(l,q{g(k)
This method assures us that of the set of policies {q} considered,
we have found the policy q* which minimizes the expected value, over
the distribution g(A) of uncertain mean demand frequency,of the con-

ditional discounted cost given a mean A. In mathematical terms

“‘;“(zk[z(le)])= “‘;’(E(V)) (2.3.5)

which is an identity in the ¢cglculus of expectatiors,
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2.4 The Policy Set

When minimizing the function V over a policy set {q} one wishes

to be sure that a policy is included that produces the global optimum
or near to it. One way to generate a policy set {q} is ioquem:ial genera-
tion. The cost and/or function of cost (such as the derivative with respect
to q) is found for one or more policies and the resulting values
are used in a recurrence relation to obtain a new policy to be evaluated.
The new policies generated recursively should converge to the optimal
policy q*. Such methods are amenable to internal generation by computer;
the size of{’}ia relatively small since the search is not exhaustive.
Gradient search techniques (including Newton-Raphson) and two point
interval searches (i.e. Fibonacci, Regula Falsi) were investigated
but found wanting. We could not make the unimodality or convexity
assumptions for V and its derivatives needed to apply these techniques;
hence, we could not be certain of a global minimum or even convergence.
Moreover, simultaneous optimization over two variables (q =\(a,r))
introduces problems in the form of constraints.

= It was felt that an exhaustive grid search over feasible ranges
of a and r would be practical if the resulting number of pairs (a,r) was
not too large (<80). The first step in determining the ranges of a and
;r was to find the 'threshold mean" Ao defined as follows: 1if the true
mean number of requisitiom equals Ae' the period costs of stocking or
not stocking are equal. Using the approach of section 1.3.1, Ke is

easily found to be

AL R

. AN
(CB+an) - -(CB+st)
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Any item with“expected requisitions below xe clearly should not be

added to the stockage list. So the lower bound of a 1; le' Moreover

if the true mean ), < Ay the chances are small (< 5%) that the observed
demanc frequency would be more than 2 standard deviations above Xe

(the standard deviation for the assumed Poisson distribution of demand
would be vfxi), Since forecasted frequency is based on observed frequency,
if a were set to ) +2 J Ams it is unlikely that items with mean < Ay
would appear on the list, though many items with A > Ae might be kept
off. A, +2 VFX} is a rough upper bound therefore. By analogous
reasoning, we conclude:

Ae s a Sle + 2 W, xe (20401)

Ag = 2 JTe st s, (2.4.2)

A coarse grid was set up with grid size d = max (2, .IOAG) and
constraints r < a, a > 1, r > 0, a and r integers; all possible combinations
of a and r were used in our policy set {q} + The "optimal" q+ vas
then perturbed by plus and minus max (1, .OSA.) for "finer éuning" to the
optimem q*-

2.5 Prior Distribution of Means of Demand Frequenc

There are two ways to develop a distribution function - empirically
and theoretically. The first consideration was a theoretical distribu-
tion for g(A) to fit the degree of uncertainty about the mean number
of requisitions. The gamma function g(A;a,b) with parametars a,b was
investigated; it could be compounded with the Poisson demand distribu-
tion to yield a negetive binomial distribution and its shape was flexible

with changing a,b parameters. However, the cost expressions obtained

16



using negative binomial transition probabilities are not equal to

the mathematically rigorous expression obtained by weighting Vn(A) by

a g(A). With any theoretical g(A), no convenient closed form expression
for TV(A)g(A) exists.

The possibility of using empirical data to generate histograms
which would serve as a priori distributions g(A) for items in each
extended price cless was then considered. The data processing of demand
data from a theatre and subsequent generation of histogram is described
below:

a. For a given theatre (KOREA), the items in each materiel
category (e.g. MATCAT T-industrial supplies) were classified according
to extended price and demand category, i.e. an 11 x 1l matrix of cells
wvas used to store aggregate information on the item. The 1l extended

price and 11 demand frequency categories are given in table 2.1.

Ext. Price Cell Demand Freg, Cell
$0-3 (1,%) 0-2 (i,1)
$3-10 (2,3) 34 (1,2)
$10-30 3,3 5-6 (1,3)
$30-100 4,)) 7-8 (1,4)
$100-$300 (5,1) 9-10 (1,5)
$300-1000 6,3) 11-15 (1,6)
$1000-3000 ., 16-20 ,”n
$3000-10000 (8,1) 21-50 (1,8)
$10000~30000 9,1) 51-100 1,9)
$30000-100000 (10,3) 101-500 (1,10)
> 100,000 (11, ) > 500 (1,11)
TABLE 2.1
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Each cell in che matrix contains the following data: total number
of items, total number of requisitions om these items, total demand
quantity, total extended price.

b, Por each row { (extended price class) of the matrix, a
histogram of 11 demand frequencies is generated. The 1l values for

the mean A and associated probabilities of occurrence are found as

11 u
My ° number of items in cell If.H Lha3) J = 1,11 (2.5.1)

) number of items in cell (1.1)
th * total nusber of ftems in row ¢  J ° L1 (2.5.2)

follows

c¢. For each extended price class { in MATCAT T, the weighted
cost to be minimized is given by (2.5.3)
11
Voy ® 3‘2-1 Vay (Au) Du (2.5.3)
With only one year data base available and lack of heuristic or
theoretical development of a g(A), the average values in 2.5.1 and
2.5.2 :ro justifiable statistics for an empirical distribution of

means g(A).

2.6 Model Advantages and Disadvantages
a. With an assumption of slow drift in demand pattern, the model

determines an optimal stockage policy, minimizing costs. By this
measure, the model is superior to prcvious models. As with the previous
models, it does not consider the essentiality of an item because of the

current lack of essentiality coding for each item.

18



b. The model is & systematic procedure for determining the
effect of cost parsmeters and item characteristice on stockage policy.
In a rational manner the stockags policy is found wvhich meets stockage
list requirements for lesst investment.

c. The concept of categorizing items by their extended
price has advantages and disadvantages. If one adds items with
yearly requisitiongz a without regard to extended price, one could be
adding $1.00 and $10,000 items with equal ease. Items with the same
extended price and requisition frequency incur the same stockage and
non-stockage costs; hence, they should have the same a-r criteria.
However, if demand fluctuates greatly from period to period, an item
could migrate to other extended price classes, and the previous a-r
criteria would no longer be valid.

d. The inherent flexibility of the Markov model is advan-
tageous when considering the following: the use of demand data to
gonerate histograms is acceptable with a reasonably large data base ;
vith little data, a reasonable theoretical distribution g(\) may be
uo::l vith parameters to reflect the physical situation. The cost
expressions and transition probability expressions may be weighted by
g(A) in a manner depending upon the theoretical distribution.

A refined Markov decision model may be formulated to in-

corporate & gophisticated forecasting scheme. Exponential smoothing
of various orders would be reflected in the transition probal;ili es.

Markov models with more than 2 states may be required.
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CHAPTER III
PP C ST DEL

This chapter describes the application of the Economic Stockage
Model in a test situation. The test opjcctivo wvas to develop a
stockage list for the Korean theater inventory control point. The list
was to be organized by materiel category (MATCAT) and to satisfy con=-
straints on list size, accommodation, and turbulence.

Procedures, results, and conclusions are discussed.

3.1 Input

A one year demand data base from U.S., Army - Korea was given by

MATCAT.

The MATCATS of consequence on the Korea list are:

MATCAT #t Itéms in MATCAT for Which Demands
Were Recorded in Korea
B = Ground Forces Support 3689
E = General Supplies 9069
F = Clothing & Textiles 2221
G = Electronics 6646
H - Air Materiel ' 4828
J = Ground Forces Support = DSA 19997
K = Combat & Automotive 8079
M - Weapons & Fire Control 4359
Q ~ Electronics = DSA 16052
R = Petroleum Products 565
T - Industrial Supplies 15083
TABLE 3.1

Performance targets were set as follows: 1list sigze not to exceed
30,000 items; percent accommodation to be at least 807 for each MATCAT;

20




2 i a4

r i

IR

e

overall turbulence under 5%.

Percent accommodation for & MATCAT is the percent of total valid
requisitions in that MATCAT that are for items on the stockage list,
Overall percent turbulence is the annual turnover of items on the
entire stockage list = if in the beginning of the year there are n
items on the entire list, andif at beginning of the next year the
stockage list contains only x of these n items plus new additions,

turnover percent is (Eﬁi) x 100,

Table 3.1 summarizes the cost parameters used as discussed in

Chapter 1.

Discount Factor o = .85

Addition Cost CA = $35 For all MATCATS except H

Fixed Removal Cost = $35 H: $90,$90
Fixed Stockage Cost F = $100
Variable Removal Cost = 20%

Processing Cost for requisitions of items not
stocked C__ = $10
xn

Processing cost for requisitions of items not
available C__ = $4
Holding cost.H as % of average value on hand assets = 407

T. 3.1 ixed Parameter

3.2 Procedure

The Economic Stockage Model 18 used in conjunction with a computer
program which acts as a performance projector. This program could
project the average size, accommodation and turbulence of the Korean

stockage list which would result from the continued use in Korea of
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any given candidate set of a-t criteria. Inputs to the program are

¢he candidate criteria, and Korean demand history, appropriately
stratified. The program, which is described in Appendix B, is based

on metn.dology developed by Research Analysis Corporation. The theore-
tical probabilities for turbulence used in the program are given

in Appendix A.

The heart of the whole procedure is an iterative design. Cost
inputs are translated into a-r criteria by the economic model. The
performance projector translates the a-r criteria into likely
performance results. If these results violate any of the performance
targets, somne of the cost inputs are adjusted and the process is
repeated. The adjustment is made generally to the cost of a backorder,
which, as discussed in Section 1.2.2, is not known, but is treated
as a control. In some applications the type 2 costs identified in
Section 1.2.2 might also need to be &djucted, and in some cases the
performance targets may be unrealistic.

A description of the full procedure follows. While there are
many'ttepn, most are programmed on a timesharing computer and none
takes more than a few minutes.

a. A MATCAT, e.g., T, is selected. A histogram of demand
frequencies is computed. The histogram is required as input to the
economic stockage model (see Section 2.2.5).

b. List elements are inputted for types 1 and 2 costs
(as discussed in Section 1,.2,2)

¢. A value for penalty or backorder cost is chosen.
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d. The ecoaomic stockage model is used to develop a-r criteria.

e. The performance expected from these criteria is projected.

f. Procjected accommodation is compavred to the target. If
it is not close, an adjustment is made to the penalty cost and steps
d through £ are repeated. In particular, {f accommodation is too
low, the penalty cost is increased and vice versa.

3. If accommodation target is met, the a-r criteria from
step d. and expected performance from step e¢. are recorded. If not
all MATCATS have been done, steps a. through g. are repeated for
another MATCAT.

h. If all MATCATS have been done, the recorded values of
list size and turbulence by MATCAT are checked. Total list eise and
overall turbulence is computed.

1. 1If turbulence and 1list sisze constraints are met, pro-
cedure ends. Otherwise, steps b~h are repeated with an adjustment
in the type 2 cost inputs. If the list sise constraint has been
violated, the fixed cost of stocking is {ncressed. If turbulence is
too hﬁh. turbulence costs are increased. If overall turbulence is too
high because of very high turbulence in a few MATCATS, turbulence costs
for these MATCATS only are adjusted.

3.3 Isbulsted Resulte
Table 3.2 gives the Korean test addition-retention criteria by
MATCAT. The first column identifies the extended price interval to
vhich each a-r pair applies. Under the MATCAT identified in the first
rov is given the penslty cost parameter used to get 80% accommodation.
23



" TABLE 3.2 ADDITION-RETENTION CRITER!
2 & EXTENDED PRCE R VA BY MATCAT

| MATCAT & PENALTY COST

¢ 3 |
¢ =10 !
$10-30
$50-100
$160-300
$300-1066
$1600-3000

$3000-
10000

10,000 =
. 50,000
30,000
; fogo oo

B8
o=1 8-2
7] 8-2
7=1 8-2
7-1 9-1
7-2 9-1
9-1 11-3
12-4 16-6
22-10 26-17
49-34 53-38

107-88  130-93

>$100,000] 301-225 368-301
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7-1
7=1
7=1
7-1
7-2
9-1
12-4

22-10

49-34

107-88
301-225

G

5-1
S-1
5-1
S-1
S-1
7-1
10-2

155

29-17

65-34
184-150

4-1.
7-1
13-3

35-12
66-54 .



TABLE 3.2 ADDITION-RETENTION CRITERIA BY MATCAT
& EXTENDED PRICE

MATCAT & PENALTY COST

(cont)

asﬂp 4,‘1,0 gé $§5 3-,%0 $8m $'Tao
$ 0-3 7-1 11-3  7-1 5-1 6-1 6-1
$3-10 6-1 12-2 7~ 51 7-1 6-1
$10-30 7-1 12-4  8-1 5-1 7-1 6-1
$30-100 |7~ 13-5  8=2 5-1 7-1 7-1
$100-300 [7-2 14-4 B~ 5-1 7-2 7-2
$300-1000 [9-1 17-5  10-2  6-1 9-1 9-1
$1000-3000(12-4  23-11  14-4  9-1 12-4  13-5
$3000- |

10,000 [22-8 52-22 25-9  15-5  22-10 22-6
$10,000-

30,000 |[51-21 52-30 54-37 29-17 49-34 52-34
$30,000- |

100,000 [112-84 217-155 117-96 65-40 107-88 126-88

>$100, 000

276-225 500-480

315-258 175-125 301-225 276-225
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For purposes of comparison, Table 3.3 gives the single a-r pair

for each MATCAT which is found using demand criteria onmly; i.e. without

regard to economic cost elements, so that the a-r criteria do not
depend on extended price. These criteria, originally found by
Research Analysis Corporation, gives 807 accommodation npd 1%=5%

turbulence.

warcAer | B E F € i J K M Q R T

a=r Demand 10 12 20 6 3 8 18 7 7 26 7
Criteria 3 4 12 1 1 2 8 2 11 1

TABLE 3.3

Table 3.4 compares the performance statistics projected for the
economic a~-r criteria to those projected using the demand criteria.
"$ R+¥Q" represents the projected dollar value of inventory investment
in the items on the stockage list. Inventory investment for an item
is set equal to the dollar value of the items requirements objective,
to be consistent with previous work (unpublished) in this area.

3.4 Jpterpretation of Results

The economic “Btockage criteria clearly achieve the same
accommodation as the demand criteria with much smaller total
investment.

Unfortunately, this does not mean the economic criteria are

necessarily better. For the ultimate measure of performance is

- contribution to combat readiness, not accommodation., Manual comparison

of lists produced usiag both sets of criteria showed that the

26
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TABLE 3.4 -~ AGGREGATE STATISTICS BY KOREAN MATCAT USING

ECONOMIC POLICY & DEMAND POLICY

MATCAT # FSNs TURBULENCE % ACCOMMODATION % 8 R4Q
- STOCKED
)
Economic 1224 1.24 79.7 589,550
Demand 969 1.55 80.1 3,339,243
E 3201 .9 83.6 1,450,674
2467 1.12 81.5 2,410,304
2 1150 .81 78.4 1,248,143
708 1.95 80.8 4,922,452
G 2178 3.05 79.3 597,473
2162 1.77 80.8 994,619
H 2461 12.90 80. 783,233
2604 12.00 83.2 1,946,559
J 6215 1.55 80.7 1,568,612
5149 1.96 80.6 4,022,732
K 1646 .85 80.0 1,738,835
1419 1.43 82.3 3,840,405
¥ 1288 1.10 78.9 397,298
1239 1.78 79.6 762,567
Q 5657 3.05 82.6 830,719
4789 1.20 80.0 1,062,906
R 195 1.21 82.9 1,951,274
84 1.18 81.8 2,669,622
E 5061 1.75 79.4 398,711
4857 1.25 79.2 615,552
TOTALS 30,276 2.59% 80.5 $11,554,522
26,447 2.477% 80.9 26,586,961
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economic criteria, as well as the demand criteria, kept some items off
the list which could adversely affect readiness. If readiness could be
quantitatively measured, or even if item oslontiiliv'could be measured,
this could be easily built into the economic model approach. At this
point, neither is possible.
The most immediate application of the economic model is to
indicate items which would be kept off an economic list, but put on
a strict demand list, yet for which quick supply is not essential
to combat readiness. This has been done for Korea and includes such
items as playing cards, bed sheets, etc. Appendix C gives more detail.
The model has been used to generate economic a-r criterion from

1 year demand histories for the Alaskan and Southern Command theaters.
(unpublished). Also 2 years of Korean history weré used against thel
Korean a-r criterion (generated by 1 year of demand history) and
accommodation and turbulence projections were measured (technical note
to be published).

Another potential application of the general model approach is
to develop stockage lists where there are weight or cube constraints,
"Cost'" of stocking an item would then be:

A + (b*M) + penalty cost
where "a' and "b'" are parameters and M is a measure of what is being
constrainted, e.g. weight of an item. Cost of not stocking as in the

pure economic model i{s based on penalty cost only, which is larger than

if the item 1is stockad (see equations 1.2.1-1,2.7).
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APPENDIX A

PROBABILITY OF ITEM BEING ON LIST AND PROBABILITY OF TURBULENCE

A stockage policy is given such that an item will remain on a
stockage list if its demand frequency during the considered period
2 r, and the item will be added (if it is off) if its demand frequency
2 a, where a > r, A theoretical expression for turbulence probability
may be determined from the steady-state probability of being '"on' the
stockage list, |
Let Pr = probability item will be retained in present period
of review
Pa = probability item will be added in present period
of review
Then the following recursive relations will exist from review period

n-1 to review period 2.

Pon(n) = Pr Pon(n-l) + Pa Poff(n-l) (Al)
Poff(“) - (1-Pr)P°n(n-1) + (lfP.)Poff(n-l) (A2)

In steady state (n =—>x) Pon(n) = Pon(n-l) - Pon"‘nd l”Pon“'Poff

Therefore from either Al or A2
P
P - #
on 1l=P +P (A3)
r a
Then turbulence is defined as the joint probability of being on and

going off in the present period.
P _(1=P))
L. A
S Pon (I-Pr) 1-Pr+P. (A4)
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If the base period (period over which demand is compared to a and r
levels to determine stockage policy) equals review period, then Pa

and Pr assume the simple forms (2.2.2) and (2.2.3).

P(x > rj\) =x§r Pois(x;l) A(5)
P(x = a;\) =x§; Pois M) A(6)

RAC obtained (A3) and (A4) in a slightly different manner.
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APPENDIX B
AGGREGATE STATISTICS PROGRAM

The 11 x 11 matrix of items stratified by demand and extended
price (as described in Chapter II) is compared to the 11 (ai,ri)
criteria by the aggregate statisgkc program. The mean demand
frequency Aij for a hase period of 1 year is given by eq. (2.5.1).
If the mean demand frequency kij & ai,all items in cell 1,j arg put
on the list. If Aij < r, all items in cell i,j are kept off, The
steady state probability of being "on' Pon (see Appendix A), is
used to determine the fraction of '"'gray' items (those in cells for
which r, < Aij < ai) in a cell which one would expect to be on the
list over a long period of time. Percent accommodation is found

as follows:

§ j(# Requisitions in cell i,j) x FRAC

%2 Accom =

(B.l)
. 125 (# requisitions in cell i,j)
1

1 if Ai
0 if Ai

281
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3

Pon(k) if r, < Aij < a,

where FRAC = ‘ = ri

Also:

(# items in cell i,3) x T(\,:)
% Turbulence = §§ ij (B.2)
12 (# items in cell 1,j) x FRAC

where T(Aij) is given in Appendix A by eq.(A4)., Note turbulence
probability T is a function of Xij from (A5) and (A6).

It should be noted that the projection of accommodation given
in (B.1) may tend to overestimate actual accommodation for MATCATS
with very low demand profiles. The mean demand frequency Aij is

computed from 1 year of demand history. UHowever, in the future,
31



there may be recorded demands for items which had zero demands in the
one year history; these items are not included in our one year projec-
tions, but would have to be considered as candidates for a stockage list
and considered in a future calculation of actual accommodation,

A technical note will be published concerning the accuracy of the
projection statistics and the impact of a 2 year base period on the pro-

jected values,
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APPENDIX C
AL SCREENING OF (TES N _STOC 1

In Table C-1 is 2 list of all items (419) which in the Korean
test were definitely off the list by the economic critéria, but
definitely on by demand criteria.

The items were ccded as A, B, or C. The C category was for
items for which delays in processing requisitions could be tolerated.
If an item falls into the C category and is not economical to stock,

it is a good candidate for removal from a stockage list,

The B category was for seasonal items, or for items for which most
demands could be programmed. These items' demand fluctuations are known
functions of seasonal or operational changes and the demand can be pre-
dicted accurately. If an item falls into the B category, and is not
economical to stock, it is a candidate for special management and direct
delivery rather than stockage.

The A category was comprised of essential items only.

Clagsification of the 419 items was done by four analysts in a few
hours time. Since none of the analysts had great familiarity with the
items, the classification :vag for demonstration purposes only - of what
might be expected if more expert people did the classifications.

The "D' category included items the analysts could not assign.

Summary statistics were computed and are given in Table C-0, These
tables give a breakout of the A, B, C, D categories by MATCAT.

| 3 :



The investment value in terms of dollar value of reorder point and
reorder quantity is also given., From this is obtained an estimate of

savings when the appropriate categories are deleted from the stockage

list.
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) 16 402 379832.69 35678.3%
F 1 26 11843.37 1410.39
3 20 168 138258.88 27365.50
H 12 68 4625903.00 145383.75
J 24 474 350602.69 29900.90
K 41 2312 1022862.63 67349,.50
M 8 136 262422.19 21259.31
Q 1 16 $472.00 976.39
R 13 882 668705.13 33202.60
T 1 21 3306.96 765.43
TOTALS 137 4505 3269207.00 363272.88
B_CARDS
(Over $10,000 Ext. Price)
B 1 15 3640.00 767.19
F 30 1244 475357.00 44439,.06
J ) 66 190159.06 10923,.62
K 9 790 393092,.44 20381.82
R 2 143 83769.06 4864 .89
TOTALS 47 2258 1146017.00 81376.56
B_CARDS
(Under $10,000 Ext Price)
K 2 38 4541,.68 1237.47
TOTALS 2 38 4541.68 1237.47

TABLE C=0 - SUMMARY STATISTICS FOR MANUALLY

SCREENED ITEMS
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CCARDS

3 11 364 447829.25 22910.22
4s 1722 677441.56 66103.50
Sw 37 2245 822925 64644
J 45 1717 1255444 .00 75919.00
K 6 225 85390.56 8758.99
l k1 4189.65 838.70
3 ) 52 116261.31 7259.41
< 7 468 286283.88 16798,37
T 9 260 135055.19 11445.41
T ALS 170 7241 3s830817. 274677,

* PSN #72101711099 was excluded because of suspicious data

C _CARDS
(Under $10,000)
E 12 174 18323.79 6008.25
J S k}) 7249.89 2464.14
K 1 18 965.74 403.49
TOTALS 18 227 26539.43 8875.87
YD CARDS
B 5 111 1586029.00 21566, 54
E 6 104 17056.39 3989.23
F 8 285 78097.63 9815.49
(] 2 21 14145.00 2190.98
J 10 186 72096.63 9780.02
K 8 843 118955.13 10251.82
M 1 11 3297.00 728.57
TOTALS 40 1561 1889675.00 58322.64

TABLE C=-0 SUMMARY STATISTICS FOR MANUALLY
SCREENED ITEMS
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